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1, IyTROMCTION 
In a paper entitled "Arithmetic in a One's-Complement Computer" 


P, Billingsley gives some sufficient conditions in order that a One's- 
complement computer produce the correct® quotient and correct non- 
negative remainder, We ehall prove that if his conditions are slightly 
sharpened they are necessary and sufficient. Also we shall prove a 
conjecture of Campaigne and Gingerich on a neccessary and sufficient 
condition for correct diviston. 


* See condition D, paragraph 4 below, 


2. THE ALGORITHM 
Using the notation of Billingsley tho algonthm for division 


QR is cleared 
XR contains divisor X 


AC contains dividend A 
Algorithm 
1. Case I: If A4n = 0, go to step 2, 


Case II: If B47 = 1, absolute subtract XR into AC, 


2. Shift AC 24 places. (All shifts are from right to left., 
3. Do 24 times: 


a. Snift A™ one place, 
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bo. If Bo, = X3° subtract XR into AC and insert 


1 in q- 
If Bo, 7 ae add XR into AC, 
ce. Shift QR one place. 
ediate con 8 


conteins q = Ing Yoo °° I 


RR 
XR contains divisor X 
AC contains preliminary remainder Yr. 
Do one of the following: 
a If agel, if Case I: Absolute add XR into 
AC, replace 4 by p3- 
b. If apg = 1, if Caso II: Absolute add XR into AC, 


@, If ao, = 0, if Case I: No action. 


ad. If agg sc 0, if Case II: Replace 4 by Io3 
Final contents 
QR contains quotient 2 
XR contains divisor X 
AC contains remainder R 
Observo that in 24 repitions of step 3b of the algorthm we suc- 


cossively and in this order detormine 49, 423, Gags eee» Ae We 


can therefore immediatcly state 


LEMMa 1 


If A and X are of same sign qo = 1 and if A and X are 


of opposite sign qo = 0. 


¥Vi/ 
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An oxamination of step 4 reveals that Qoq is not modifiod. 


Therefore wo can immodiatcly stato 
LEMiA 2 


q and Q aro of samo sign, 


CONCEFTUAL (iODIFICATION OF THE ALGORITHM 


In division by hand it is not customary to shift tho dividond 
and successive remaindcrs as is done in steps 3 of tho machine algo- 
rithm. Instcad succcssively decreasing powers of two times the divisor 
aro addod to or subtractcd from successive romainders, Howovor, this 
distinction is only concoptual ond we. shall throughout this papor troat 
tho machino algorithm as though it takes place in the latter manner, 

As an oxample consider an eight digit AC and four digit QR 


and XR, when with X= 0101, A= 00100001 the machine algorithm 


produces 

AC 00100001 QR 0000 xR 0101 
AlL4 00010010 
AL1 00100100 0001 
- X Q0000101 

00011111 0010 
AL1 00121110 0010 
+ X -11111010 

01000011 . 0100 
AL1 10000110 0101 
- X 00000101 

10000001 1010 
AL1 00000011 1011 
~ X 00000101 

11111101 r 0111 


VS 
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0111 2 = 0110 


re) 
" 


a 
" 


11111101 R = 00000011 


Tho undorlined digits are the ones comparod with Xy to 
dctcrmine q), 43, Gp and q). 


Dividing by the sccond method we havo 


1011 
9101 190100001 


11111101 


0110 


q = Olll Q 


ros 112112101 R 00000011 


The underlined digits arc again those which are comparod and 
the respective successive remainders in the two divisions are slides 


of cach other. 


4, CORRSCT DIVISION 
We shall now stato our definition of correct machine division 
as follows: 
DEFINITION 
The division algorithn is "correct" if 
(4) A = Q4R8 
. Gn) (ej < e-1 


(441) O< R< |X] 
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Division is not corroct if G% = Iog- 


PROOF 

a : 4 % = Gog, then by Lommas 1 and 2 Q is negntive if A and 
X aro of opposito sign. But this contradicts (1) amd (iii) of 
the definition unless A=0 or Q2=0, But Billingsloy showed 
Q 7 Qoz if A=0. It only romains to considor Q = 0, ie., 
A=R and thorefore by (i114) ADO, A<{|XI. If X>0 


division proccods as follows: 


~225 x 


Thus ¢o=1l and r,< 0 with in,\< (2-1) x <(23 - 1)%eat, 
Therefore the two loft hand digits of Tr, are one's and qo, = 0 


and Io, 7 I The rosult for X>0O follows by comploments. 


5. THE FUNDAGNTAL THEORRy 


a Billingsley proved the following: 


© poe: 1 
A sufficiont condition that a one's-complonont computor perform 


correct division is; . 


i! 
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cass ° fay, = 1] 
A- [xl+24 {x} > 0 


We shall assume tho results of Theorem 1 and prove 
THZ0REM 2 

A necessary and sufficient condition that a one 's~complonent 
computer porforn correct division is; 

CASE OC [ay 2 0} 


~ A-23 |xl<o 


F OF ICIENCY 


CASE 4 
Follows from Thcoron 1, 


case (+ 
Follows from Theoron 1 unloss 


aA- |x| +2 | x} <0, 


But thon division procoede as follows if X>0: 


wi B 


b/i/ 
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Kh 4 PX} 
+ | x) 
ae fe ae? [xl =o 
- 222 |x| 
- 222 lx} 
+ 221 {xl 


<2 (|x| 42% [xl 4.4 [2b 2 > 1%) 


Tho discussion of nagnitudes of successive romainders which 
justifics all additions aftcr the sccond step is trivial and will be 
omitted, Then q-10...0 and r=- |X|. Step 4d implies 
Q=-qa- 2°31 and 2 - 0 which is correct. 

The result for X< 0 follows by complements, 


CASE 
Since the condition is never satisfied there is nothing 


to prove. 
PROOF OF NECESSITY 

We shall disregcrd the case X=0O since in that case the 
conditions of Theorom 2 are never satisfied and division is never 


correct. 


CASE OF 


Assunc that division is correct. Then 
lal < (223-1) |x| +R < (23-1) [x| + |x| = 


= 8 |x| 
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To prove that correct division implics 
A- {xl + 2% |x| = 0, wo shall assume A- (X! + 2% |x\l<o 
and prove that division is incorrect. Thon division proceeds as 
follows for X>O: 


0 
x fa~ 1% 


+ 2°5 1x! a 
A- 1X) 42% | X\-4r, 


Hors q o=1 and r,< 0 by hypothosis, If \r,|\< 2%, 
Io = O and by Loma 3 the division is incorrect, me § Why \ > 246, 


Vel She FF a + ee al oo ~ ars} > 


— 


= a = (oF ~ 1" = te 1s ofa = 1) 4 15,2 [z} 


and R>(|Xj| which is incorrect for division by definition. 
If X< 0 tho rosult follows by complements, 


CASS vV_ 
This casc is peculiar to machine subtraction which 


takes A<O and producos A- |X\ > 0. But this can happen 


only if A is a machine mober with Aan = 1 and B46 and 


"several" consecutivo digits = 0, in othor words, ff | 4| is 
vory largo. Moro prociscly if A<O and 4- |X| >0, 
thon -A+ |X| > 247? ona -A> 247 - 2°53 41, But ie 
A-Q&4+R with {2}, |X| and B& all less than 2%, 


thon 


HAS (2°53 ~ 1)% 4 (2°53 ~ 1) = 246 — 23 


which is a contradiction, 


-8- Si 
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6. Tis CAMPAIGNE-GINGZRICH THEOREM 

Campaigne conjectured condition (.§) and later Gingorich con 
jecturod conditions (.°) and (~~) and indicated a partial proof of 
THEORE! 3 

Necessary and sufficient conditions that a onc's-complement con- 


puter porform correct division aro that 


(+) % # Megs and 
if} “3° \R\- 2%6 whore R, is tho contents of AC 
ofter tho first of tho 24 steps of 
3b in the algorithn, 
NOTES. If wo think of the dividend as stationary and the successive 


additions and subtractions of powers of two tines X to A 


as in paragraph 4, then condition (;) is that after q 


and before havo beon deternined, the romaindor Ty) 


423 
satisfics 
Thy é 26 
PROOF OF SUFFICIZNCY 
Wo shall givo a proof by contradiction, That is we shall assune 
correct division is not porformed and shall first show that (6) or 


(G) 4s contradicted if X70. 


CASE fa, = 0 | 


Assure X >Q. ‘Tho proof for X< 0 follows by complanents. 


tp aie 


oti 7/) / 


Division in a One's—-Complement Computer 


meee eee ae a ee ee eee eee el ee rT 


Since division is incorrect, by Theorem 1] A> 23 xX, 


Then division procceds as follows: 


ek ae aed 
Xva 
~25 |x! 


Thon tho loft digit of rT) = O and the next digit is 
zero if and only if rj < 26 and thon 45, = 1=% 


contradicting (J). 


= 


case (3 {847 = 1, (A= 12a sl 


ti 


The proof is sinilar to that for ease 4. with A, 
A>2°3 xX and rT) = A- 2°3 X replaced respectively 
by A- |x|, A- |X| + 2°53 !xI< oO ana 


ry = A- |X! + 2°3 | xi, 


If A<O and A- |x| > 0, ate a- |X|. 


Hence 


A- ([x| - 23 |x] > 247 - 23 [xj > 
247 — 223 (223 1) - 246 41> 246, ana (a) 


does not hold, 


vr) 


\\V/ 


WW 


If X= 0, OSq) = a,,- 1 (nod 2), 0 < ao, = 8, ~ 2 (aod 2) 


and r,- A, Then if a,, = a,,, 9) = 45, and (,,) docs not hold, » 


and if on gaze, |A\> 2*6 and (G) doce not hold, 


ta 1o/y 
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PROOF OF NECESSITY 
We shall prove that if division is performed correctly conditions 
(c) and (7) hold. But condition (.°) holds by Lemma 3, 


CASE -. 
Assume correct division and not condition (( ), f.e., 


[my] > o®, 
fen [rk = 28 = ae fee ce Jets 


=o Se? 2:2) [xt > a . Grn as 


>2(25~1)412> 2\|x\| +1, 


\R| > |X\ ana (7) holds. 


~ 


CASE 
The proof is identical with Case (-/) 


CASE VY 


Mo proof is needed since division is pever correct. 


COROLLARY 1. 
If A>0, 


(i) if aA< 29 ]|x| aivision is correct, 
(34) a¢°-279 Ix] < ax 23 |x| 4 28, (5) ratre ant (7) holds, 


(422) af A> 2°3| x} + 246, (5) nods ana (6°) fails, 


R, A. Leibler,. 
July 15, 1949, 
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